We compared the results of the Madden-Glandt (MG) integral equation approximation for partly-quenched systems with the commonly accepted formalism of Given and Stell (GS). The system studied was a +1 : −1 restricted primitive model (RPM) electrolyte confined in a quenched +1 : −1 RPM matrix. A renormalization scheme was proposed for a set of MG replica Ornstein-Zernike equations. Long-ranged direct and total correlation functions, describing the interactions between the annealed electrolyte species within the same replicas and between the annealed and matrix particles, appeared to be the same for MG and GS approach. Both versions of the theory give very similar results for the structure and thermodynamics of an annealed subsystem. Differences between excess internal energy, excess chemical potential, and isothermal compressibility become pronounced only at high concentrations of matrix particles.
Introduction
In the last decades, much attention has been paid to the properties of electrolyte solutions adsorbed in random matrices (for review see reference [1] ). These systems can be considered as partly-quenched, meaning that some degrees of freedom are quenched and others are annealed [1] . Such systems differ from regular mixtures: here all the statistical-mechanical averages needed to calculate the systems' thermodynamic and dynamic properties become double ensemble averages and the thermodynamic relations need to be rewritten accordingly [2, 3] .
In general, one can describe partly-quenched systems as consisting of two components (subsystems), one being quenched (usually called the matrix) and the other being allowed to equilibrate in the presence of the matrix subsystem (annealed subsystem). Usually, it is assumed that the annealed fluid does not affect the matrix [4] [5] [6] [7] .
To develop the integral equation theory for partly-quenched systems, Madden and Glandt [8, 9] split the total correlation functions, h(r ), and direct correlation functions, c(r ), into a "connected" part, representing the interactions between annealed particles within the same replica, and a "blocking" part (here denoted by index 12), describing the interactions between the annealed particles mediated by the matrix particles. In their approximation, they set a blocking part of the direct correlation function to zero (c 12 (r ) = 0) and obtained a set of Madden-Glandt Ornsten-Zernike (MGOZ) equations [8, 9] h 00 − c 00 = c 00 ⊗ ρ 0 h 00 ,
(1.1)
Index 0 denotes the matrix subsystem, index 1 is the annealed fluid subsystem, ρ i is the number density of the species i , and symbol ⊗ denotes convolution in r -space. The reasons for choosing matrix notation will be given is section 3. Later on, Given and Stell derived the exact integral equations for such systems [2, 3] . They are commonly known as the Replica Ornstein-Zernike (ROZ) equations and read h 00 − c 00 = c 00 ⊗ ρ 0 h 00 ,
Here, c 12 and h 12 (h 21 ) stand for blocking parts of the direct and total correlation functions, respectively.
While both approaches have been used to study partly-quenched systems (for review see references [1, [4] [5] [6] and references therein), only the ROZ equations were applied to systems where both subsystems (i.e., quenched and annealed) were electrolytes. One of the main reasons for that lies in the fact that due to the long-ranged nature of the Coulomb interaction, an appropriate renormalization scheme is necessary to solve the above equations within the integral equation theory framework [10] [11] [12] [13] [14] . To our best knowledge, there exist no documented attempt for the renormalization of MGOZ equations.
Therefore, in the present contribution we propose a renormalization scheme for the MGOZ equations and calculate the structural and thermodynamic properties of simple model systems: the quenched and annealed subsystems are both +1 : −1 restricted primitive model electrolytes. We compare the results of MGOZ approach to the ROZ one. Hypernetted-chain (HNC) approximation was used as the closure relation in both cases [14] . The comparison of the results for the Madden-Glandt and Given-Stell approach enables one to gain insights into the meaning of the "blocking" function. MG approximation seems also to be an easier starting point in developing theories of association and other related phenomena (see, for example, reference [7] ). However, there are reasons beyond academic ones why one should explore the MG approximation in the case of electrolyte solutions. One of them is the fact that the MG approach is in principle less demanding than the ROZ because the equations and the closure relations are simpler (contain less terms). The computationally convergence is, therefore, faster compared to ROZ.
We structured the paper as follows: After an Introduction, a short description of the model is given, followed by the description of the renormalization procedure. Next, the results for a few typical cases studied are presented and conclusions are given in the end.
The model
The model studied here is basically the same as the one studied previously by the Monte Carlo simulation methods [15] , as well as by the integral equation theory [14] : the so-called primitive model for electrolyte solutions, where the particle-particle interaction U mn i j (r ) is given by
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and The equilibrium structure of the matrix subsystem was obtained at temperature T 0 which is in general different from the temperature of observation, T . The relation between the two is given by the socalled quenching parameter Q = ε 0 T 0 /εT .
Theoretical procedure
For systems containing Coulomb forces, a renormalization of the pair potential and correlation functions into short-and long-ranged terms is required to obtain numerical solution of the above given sets of integral equations [10] [11] [12] [13] [14] . While the renormalization scheme for the ROZ set of equations (1.2) is well established [1, 14] , no such scheme for MGOZ equations (1.1) has been previously proposed. We follow the procedure described in detail in reference [13] by splitting h and c functions into the short-and long- By analogy with the procedure given in reference [13] , we define the appropriate long-ranged total correlation functions, q, through the equations
(3.4)
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The two equations ( 
By comparing the results (3.5) and (3.6) with the q functions obtained in work [13] for the set of ROZ equations, one can see that the results are basically identical, suggesting that in the Debye-Hückel limit both approaches provide the same results. To solve these equations, another relation between the total and direct correlation function is needed. Here, we used the hypernetted-chain approximation which reads [14] c mn (r ) = exp −βU r -space to obtain appropriate correlation functions (the same was done for ROZ equations). These were then used to calculate various thermodynamic properties using the well-established equations [14, [16] [17] [18] [19] adapted for the MGOZ approximation. The reduced excess internal energy per an annealed fluid particle can be calculated via the expression
The isothermal compressibility reads Note that due to MG approximations, equations (3.10) and (3.11) are somewhat different form those given in references [14, [16] [17] [18] [19] for ROZ approach.
Results
We show the results for the radial distribution functions and thermodynamic quantities (reduced excess internal energy, excess chemical potential, and isothermal compressibility) for selected examples of the partly-quenched system studied. In all the cases, the temperature of observation was taken to be T = 298 K and the dielectric constant of aqueous solutions at this T was ε = 78.5. The Bjerrum length equals L B = 7.14 Å for the chosen T and ε.
As already explained in the above section, the q 10 and q 11 functions for the case of MGOZ approach are the same as those presented in reference [13] for ROZ equations. We, therefore, examined the total One can see that there is no obvious difference between the two results. This is expected since the behaviour of the systems studied was found to be mainly determined by the long-ranged correlations [14] .
We proceed with the results for thermodynamic properties, namely the reduced excess internal energy, the excess chemical potential, and the isothermal compressibility. The results for different condi- (r ). In the notation − : +, the minus sign applies to the matrix and plus to the annealed ions. tions studied are presented in figures 3-5.
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As previously observed in work [20] , the excess internal energy (at a given matrix concentration) first increases with the increasing concentration of the annealed electrolyte, and then slowly starts to decrease. This is a consequence of the annealed fluid interaction with the matrix particles. Both approaches, ROZ (solid lines) and MGOZ (dashed lines), provide very similar results. The differences, as expected, become larger at higher matrix concentrations. Small but more pronounced differences between the two approaches are still observed for isothermal compressibility. These differences pertain even at low annealed fluid concentrations, where short-ranged interactions become important. 
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Conclusions
A renormalization scheme for the MGOZ equations was proposed and used to study the structural and thermodynamic properties of simple systems, where the quenched and annealed subsystems were both +1 : −1 restricted primitive model electrolytes within the hypernetted-chain approximation. The results were compared with those obtained by ROZ/HNC approximation.
The results obtained for the q functions determining the long-ranged behaviour of the total correlation functions are identical to those evaluated for the ROZ equations. Consequently, no significant differences in the structural properties were observed. The differences between the two approaches become more important when studying the compressibility of the system, where short-ranged interactions play a central role.
